The existing molecular relaxation models based on both parallel relaxation theory and series relaxation theory cannot extract the contributions of gas compositions to acoustic relaxation absorption in mixtures. In this paper, we propose an analytical model to predict acoustic relaxation absorption and clarify composition relaxation contributions based on the rate-determining energy transfer processes in molecular relaxation in excitable gases. By combining parallel and series relaxation theory, the proposed model suggests that the vibration-translation process of the lowest vibrational mode in each composition provides the primary deexcitation path of the relaxation energy, and the rate-determining vibration-vibration processes between the lowest mode and others dominate the coupling energy transfer between different modes. Thus, each gas composition contributes directly one single relaxation process to the molecular relaxation in mixture, which can be illustrated by the decomposed acoustic relaxation absorption spectrum of the single relaxation process. The proposed model is validated by simulation results in good agreement with experimental data such as N 2 , O 2 , CO 2 , CH 4 and their mixtures. *
I. INTRODUCTION
In gases with internal degrees of freedom, acoustic waves show anomalous absorption in excess of the classical absorption over the range of low and moderate sound frequency.
This phenomenon is ascribed to the molecular relaxation involved with the adjustment rate of energy exchange between the internal and external degrees of freedom. [1] [2] [3] [4] [5] Thus the molecular energy transfer mechanism lays the significant foundation for the molecular relaxation, and determines the acoustic relaxation absorption. Developed with different molecular energy transfer mechanisms, existing relaxation theories fall into two categories, parallel relaxation theory and series relaxation theory. [6] However, both of them cannot extract the contributions of gas compositions to relaxation absorption of sound waves.
In the parallel relaxation theory for sound propagation in gases, each vibrational mode of molecules provides a deexcitation path with a characteristic relaxation time for the resident energy in internal degrees of freedom. [7] The parallel relaxation theory has been studied extensively to predict the acoustic relaxation absorption in excitable gases (including diatomic and polyatomic gases and mixtures). Schwartz, Slawsky and Herzfeld (SSH) [8] described the single relaxation processes in diatomic gases and then the SSH theory was extended to predict the multiple relaxation processes in polyatomic gases and gas mixtures. [9] [10] [11] [12] [13] [14] Based on the SSH parallel relaxation equations, Bauer [15] and Zhang [16] decoupled a multirelaxation process into the sum of single-relaxation processes. The decoupled results show that only the lowest vibrational modes of gas compositions provide predominant contributions to acoustic absorption. However, each of the decoupled single processes contains the contributions from all the vibrational modes. Therefore, the parallel relaxation theory needs to be improved to clarify the relaxation contributions of gas compositions.
In the series relaxation theory, another phenomenological theory, only the lowest vibrational mode of a molecule is directly excited by the sound wave and the energy flows rapidly from this mode into others. [7] The lowest mode provides the only deexcitation path for the relaxation energy in molecule, and the coupling energy transfer processes between different modes are not considered due to the rapid energy flow. Thus the relaxation process of pure gas is characterized by a single relaxation process with single relaxation time. The acoustic relaxation absorption predicted by series theory is verified for pure gases by the experimental results from Shields, [17] [18] [19] , Henderson, [20] and Gravitt. [21] Nevertheless, the series relaxation theory ignores the interaction effects between vibrational modes of different components, which makes them only applicable for pure gases.
In this paper, we develop an analytical model of molecular relaxation to predict acoustic relaxation absorption and clarify the contributions of gas compositions by combining the parallel and series relaxation theory. In Section 2, we obtain the analytical model for acoustic relaxation absorption based on the rate-determining relaxation energy transfer processes. In Section 3, the proposed model is validated with experimental data. In our model, each gas composition contributes directly one single relaxation process to molecular relaxation of mixture. For example, the two peaks on relaxation absorption spectrum of CO 2 − O 2 are contributed from single relaxation processes of CO 2 and O 2 , respectively. Conclusions are given in Section 4.
II. ANALYTICAL MODEL FOR ACOUSTIC RELAXATION ABSORPTION
A. Rate-determining energy transfer processes in molecular relaxation of gases
Upon the passage of sound wave in excitable gases, acoustic wave disrupts the gas molecular equilibrium, and a redistribution of molecular energy among internal (vibrational and rotational) and external (translational) degrees of freedom occurs to reach a new equilibrium. [22] [23] [24] For most common gaseous molecules at ordinary temperature, molecular rotation adjusts instantaneously to energy changes of translational degree of freedom, and molecular vibration with large quantum level spacing is unable to follow the translational temperature fluctuations. [25, 26] As a result, the molecular vibrational energy transfer referred as the thermal molecular relaxation gives rise to relaxation absorption of acoustic energy.
Rate-determining V-V and V-T transfer processes
There are two kinds of vibrational energy exchange processes during bimolecular collisions, vibration-translation (V-T) and vibration-vibration (V-V) transfer processes. [27] [28] [29] The V-T and V-V processes can be expressed by the transfer equations as follows: [11] A * (p + 1) + X(q)
where A and X represent collision gas molecules of the same or different species, p and q represent molecular vibrational modes, the asterisk indicates a molecule excited to the higher vibrational level, and ∆E is the exchanged energy during the collision process. The V-T process results in energy transferring from molecular vibrational modes to molecular translation, i.e. one molecule loses one quantum while the vibrational state of the other molecule is unaltered. The V-V process leads to the energy transition of different vibrational modes, and involves with simultaneous changes of vibrational states in both of the collision molecules.
The molecular energy transfer processes in which the molecules change states upon collisions can be described analytically based on quantum mechanical theory. [30] [31] [32] [33] During the bimolecular collision of gas species a with species b, transition probability P
pair of molecules originally with vibrational states i a and i b will arrive at vibrational states j a and j b after collision, is derived from the Tanczos equation, [9] 
where Table 1 . [7, 12, 36] The number of collisions made by one molecule per second Z(a, b) can be written as [7] ,
where N b is the number of molecules per unit volume, σ a and σ b are the collision diameters, m a and m b are the molecular mass of species. Combing equations (2.1) and (2.2), the rate of energy transfer process β, which is inversely proportional to the number of effective collisions that a molecule experiences per second, is obtained as: [37] 
In equation (2.3), the transfer rate β connects the microscopic gas-kinetic properties with the macroscopic molecular energy transfer mechanism. The transfer rates of V-T and V-V processes greatly influence the vibrational energy transfer of molecular relaxation process, especially, the relaxation time. [38] [39] [40] From equations (2.1), (2.2) and (2.3), the smaller exchanged energy needs less kinetic energy for energy transfer in collisions, resulting in larger transition probabilities and faster energy transfer of molecular relaxation process, i.e.
faster relaxation times. [41, 42] Therefore, we investigate the influence of transfer rates of V-T and V-V processes on molecular relaxation and suggest the concept of rate-determining energy transfer process based on the exchanged energy ∆E. In figure 1 , a simple example of gas molecule with two vibrational modes is adopted here to illustrate the influence of the energy transfer rate. Figure 1 depicts the V-T energy transfer between the lowest vibrational mode ν 1 and the ground state ν 0 , and the V-V transfer between ν 1 and higher mode ν 2 . The V-T process of the vibrational mode provides the deexcitation path for energy transfer of the mode and the V-V process describes energy transfer between different vibrational modes. In our work, special attentions are paid to the rate-determining V-V process to describe the V-V processes which determine the vibrational energy transfer between different modes in molecular relaxation process.
Since the exchanged energy ∆E between the two vibrational modes will greatly influence vibrational energy transfer rate of the V-V process, [43] the rate-determining V-V process is defined by the exchanged energy ∆E. As illustrated in figure 1 , the exchanged energy of the rate-determining V-V process ranges from ∆E min to ∆E max . For example, the energy gap between ν 1 and ν 2 in figure 1 is within the range from ∆E min to ∆E max , thus the V-V energy transfer process between them would play significant role in the molecular energy relaxation and the process is regarded as rate-determining V-V process.
FIG. 1: Rate-determining V-V and V-T energy transfer processes due to different exchanged energy ∆E for a simple molecule with two vibrational modes
For a certain vibrational mode, the rate-determining V-V process within the range from ∆E min to ∆E max dominates in energy transfer between the mode and others. Provided that the exchanged energy is smaller than ∆E min or greater than ∆E max , the V-V processes will not dominate the energy transfer. In the first case, the energy gap between two vibrational modes, which is smaller than ∆E min , causes very rapid vibrational energy transfer. Then the rapid V-V energy transfer process would keep energy equilibrium between the two vibrational modes, such as resonant transition. [44] So the rapid V-V process will not be considered for energy transition of molecular relaxation. In the second case, the large energy gap results in slow energy transfer which has little influence on molecular relaxation. And this case occurs for the V-V processes with exchanged energy greater than the value ∆E max . Therefore, for a vibrational mode, the V-V processes within the range from ∆E min to ∆E max are the ratedetermining processes. According to the previous investigations [45] [46] [47] [48] and our simulations, we set the ∆E min and ∆E max as values 100 cm −1 and 200 cm −1 , by the difference values of vibrational frequencies. Next, we consider the vibrational energy exchange in gases with multiple vibrational modes and focus on the transfer process of the lowest vibrational mode.
Rate-determining transfer processes of gases with multiple vibrational modes
For polyatomic gases and gas mixtures composed of multiple vibrational modes, there arises varieties of V-V and V-T processes. The traditional parallel relaxation theory considers the energy transfer between all the vibrational modes. According to the decomposition in Ref. [16] , the vibrational modes except the lowest one of a gas composition, provide negligible contributions to the acoustic relaxation absorption in terms of the decoupling results for most common gases, such as N 2 , O 2 , CO 2 , CH 4 and so on. Thus we focus on the transfer process of the lowest vibrational mode in this work. The traditional series relaxation theory suggests almost all the vibrational energy relaxes via the lowest mode, and only the V-T process of the lowest vibrational mode is taken into account for molecular relaxation, which is not accurate. According to our discussion on energy transfer processes, the energy transfer of the lowest vibrational mode includes the V-T process and V-V process. The V-T process of the lowest vibrational mode provides the primary deexcitation path for vibrational energy transfer of molecule, and the rate-determining V-V processes are regarded as the main paths of molecular energy transfer between the lowest one and the others. Therefore, the rate-determining V-V process and the V-T process of the lowest vibrational mode would play significant roles in molecular energy relaxation and influence the macroscopic relaxation characteristics.
Based on the proposed energy transfer mechanism, we provide an analytical model of the molecular relaxations for pure gases and gas mixtures. In our model, energy transfer of pure gases is realized by the rate-determining V-V process and the V-T process of the lowest vibrational mode, and the molecular relaxation of multi-component gas mixtures is achieved by the energy transfer process of each component. Based on the analytical model, the acoustic relaxation absorption of pure gases and mixtures could be calculated.
B. Prediction of acoustic relaxation absorption in pure gases and mixtures
In the studies of acoustic relaxation, the complex-valued and frequency-dependent effective specific heat is the macroscopic footprint of molecular thermal relaxation [49] and the essential parameter to calculate the acoustic relaxation absorption. In this section, the expressions of effective specific heats are obtained and acoustic relaxation absorption is calculated for molecular relaxation of pure gases and mixtures based on the proposed energy transfer mechanism.
Acoustic relaxation of pure gases
For the simplest case of pure diatomic gases, only the V-T process occurs and the V-V process does not appear due to the one vibrational mode in the diatomic molecule. The only vibrational mode is directly excited by the sound wave and relaxation energy flows from this mode into the translation via the V-T process. The V-T deexcitation of the vibrational energy could be described by the equation of complex-valued and frequencydependent effective specific heat,
where C ∞ V is the external specific heat, C vib V is the vibrational specific heat calculated from the Planck-Einstein function, τ represents the relaxation time, [15] For a pure gas composed of multiple vibrational modes, the V-T process and the ratedetermining V-V process of the lowest mode play significant roles in molecular energy relaxation. The V-T process provides the path for energy transferring from the lowest mode to the translation, while the rate-determining V-V processes are the dominant paths of energy transfer between the lowest one and the others. Since polyatomic pure gases show a single vibrational relaxation process, [6] the frequency-dependent effective specific heat of this relaxation process is characterized by one single relaxation time as,
where C int is the whole internal specific heat, 
Here τ 1 represents the relaxation time of the lowest mode of the gas molecule, and C 
The translational relaxation time τ 
(τ
Substituting equations (2.9) and (2.10) into equation (2.8), the relaxation time of the lowest vibrational mode could be obtained. Hence, the effective specific heat in equation (2.6), characterized by a single relaxation time, is expressed for molecular thermal relaxation for pure polyatomic gases.
Acoustic relaxation of gas mixtures
Based on the fact that the energy transfer process of each component constitutes the molecular relaxation of a gas mixture, the acoustic relaxation of mixture is calculated from the superposition of each gas composition contribution. For the gas mixtures with M gas components, its effective specific heat is calculated by summing all the specific heat contributions of gas compositions, 
where the subscript k 1 denotes the lowest vibrational mode of gas molecule k, τ k 1 is the relaxation time of the lowest vibrational mode in molecule k, and C 
where
The translational relaxation time τ takes into account of the V-V energy transfer processes between the lowest mode and other modes j with exchanged energy within a range of 100 cm −1 < |∆E| <200 cm −1 .
Using equation (2.12), the effective relaxation times for each gas component of mixture are obtained respectively. The frequency-dependent effective specific heat C ef f V is calculated for gas mixture by the superposition of containing gas composition contributions in equation (2.11). Consequently, we obtain the effective specific heat of molecular relaxation of gas mixtures to calculate acoustic relaxation absorption.
Acoustic relaxation absorption of gases
During the propagation of acoustic waves in excitable gases, measuring the frequencydependent acoustic relaxation absorption is an effective method to characterize molecular relaxation process. Hence, we calculate the acoustic relaxation absorption per wavelength α r λ to observe the molecular relaxation characteristics from a macroscopic perspective. The sound propagation in gases can be described by the complex-valued effective acoustic wave numberk which relates the thermodynamic effective specific heat and the macroscopic gas properties together as,k
where ρ 0 and p 0 are the equilibrium gas density and pressure, respectively, R is the universal gas constant. The real and imaginary parts ofk(ω) yield the frequency-dependent sound speed c and the relaxational absorption α r , respectively. With the relations in equation (2.16), we can obtain the acoustic relaxation absorption per wavelength as
where λ represents sound wavelength, µ is called acoustic relaxation absorption spectrum.
As a result, the relaxation absorption of acoustic wave in pure gases and mixtures can be predicted based on the expressions of effective specific heat from our model.
Consequently, we propose an analytical model to predict the molecular relaxation absorption in gases. Compared with traditional parallel relaxation theory, the mechanism of energy transfer between all the vibrational modes is clarified in this work, due to the main role of molecular lowest vibrational mode in energy relaxation. Compared with traditional series relaxation theory, our work considers the influence of rate-determining V-V process on the energy transfer and develops a complete analytical expression for molecular relaxation absorption in gases.
III. RESULTS AND DISCUSSION

A. Results of acoustic relaxation absorption spectra
In molecular acoustic experiments, the absorption of sound wave is measured over a wide frequency range, which is illustrated by the acoustic absorption spectra. The total sound absorption is the sum of the relaxational part and the classical part from transport phenomena. The classical absorption generally plays a major role at the frequencies in megahertz and higher, while the relaxation absorption is dominant at low and moderate frequencies. Here we obtain theoretical acoustic absorption spectra including the relaxation part calculated from our model and the classical absorption calculated using the formulation of Stokes and Kirchhoff. [50] The theoretical spectra are compared with the experimental results to validate our proposed model.
In figure 2 and 3, the comparisons of absorption spectra for pure gases and gas mixtures are provided. In figure 2 , the theoretical total absorption spectra of pure Cl 2 (diatomic gas) and pure CH 4 (polyatomic gas) match well with the experimental data from Shields [51] and Ejakov [52] . For gas mixtures CH 4 − N 2 with different concentrations in figure 3 , the spectral curves predicted from our model also agree well with the experimental results from Ejakov's work [52] . Due to the classical absorption dominant at f /p >1 MHz/atm, the absorption curves show ascending tendency at high frequency. The results validate the our proposed model in the prediction of acoustic relaxation absorption. Symbols: Experimental data for Cl 2 from Shields [51] (circles) and for CH 4 from Ejakov [52] (dots).
For many pure gases and gas mixtures, only one dominant relaxation process occurs in acoustic relaxation, and the absorption spectrum show only one spectral peak with the maximum absorption value along the abscissa (log f /P ). The position of the spectral peak is determined by the relaxation frequency which is the reciprocal of molecular relaxation time. [57, 58] As a result, the calculation of the relaxation frequencies is the critical step in quantitative description of sound relaxation. Here we compare the relaxation frequencies from our proposed model with the experimental data for various gas compositions as listed in Table 2 proposed model.
B. Comparisons with parallel relaxation theory
Among the previous relaxation methods, Zhang's model [13] is one of the parallel relaxation method for gas mixtures. In figure 4 , the comparison between our proposed model and Zhang's model is displayed for the gas mixtures the vibrational energy of a certain gas component is considered to relax via the lowest vibrational mode. While in Zhang's model, the vibrational energy is assigned to each mode of gas mixture and the separation of relaxing energy results in the lower spectral amplitude. In these cases (only one dominant relaxation process), the deviations between spectral peaks from our proposed model and Zhang's model are approximately 5% and in an acceptable range.
However, our proposed model is more applicable than Zhang's model for gas mixtures with multiple dominant relaxation processes. In figure 5 , the theoretical spectra from our proposed model and Zhang's model are presented for the gas mixture of CO 2 − O 2 at 450 K as well as experimental data from Bass. [55] In this case, the gas mixture of CO 2 − O 2
shows two clear spectral peaks. And the curve from our model is consistent with experimental results while the curve from Zhang's model shows one spectral peak. The comparison demonstrates that our proposed model obtains more reliable acoustic relaxation absorption spectra. Therefore, the proposed model could be used to predict acoustic relaxation absorption with higher accuracy.
In addition, the effects of energy transfer between vibrational modes in gas mixtures 
C. Relaxation contribution of gas composition
From the preceding gas examples in figures 2 to 5, our proposed model obtains the acoustic absorption spectra in good agreement with experimental data. Furthermore, our proposed model reveals a new insight for participation mechanism of gas composition in molecular acoustic relaxation, which is investigated in this section.
In the proposed model, molecular relaxation of gas mixtures is achieved by individual energy transfer processes of the containing gas compositions. The individual energy transfer process of each gas composition appears as single relaxation process in the molecular relaxation of mixture, which can be considered as the relaxation contribution of each gas composition. From effective specific heats of gas mixtures in equation (2.11), we extract the external specific heat of mixture, internal specific heat and effective relaxation time of composition k to describe the relaxation contribution of composition k. Hence, the effective specific heat of gas mixtures containing M components can be decomposed into M parts of the following form as,
In equation ( Here we take an example of gas mixture 10%CO 2 − 90%O 2 at 600 K to illustrate the relaxation contributions of gas compositions. The molecular relaxation of CO 2 − O 2 is decomposed into two single relaxation processes corresponding to relaxation contributions of CO 2 and O 2 , respectively. In figure 6 , the decompositions of effective specific heat curves and relaxation absorption spectra are demonstrated. Compared with the decomposed effective specific heats showing semicircle curves, the decomposed absorption spectra provide more intuitive information. The mixture's spectrum shows two obvious peaks and it is decomposed into the contribution spectra of CO 2 and O 2 , respectively. As figure 6(b) shows, O 2 is the main contributor to the spectral peak at low frequency while CO 2 mainly contributes to the peak at high frequency. Therefore, the contributions of gas compositions can be extracted from the decomposition based on our proposed model and be clearly demonstrated by the decomposed spectra.
Compared with traditional parallel relaxation theory, our proposed model reveals the contributions of gas compositions to acoustic relaxation in gases. The parallel relaxation theory takes the energy transfer between all the vibrational modes into account and couples vibrational energy of all different vibrational modes. Each single relaxation process of parallel relaxation theory contains the coupling contributions of all the molecular vibrational modes. [13, 16] In our proposed model, each gas composition contributes a single relaxation process to molecular relaxation and the participation contribution of gas composition can be demonstrated by the decomposed spectra of the single relaxation processes. Hence, the participation mechanism of gas compositions in molecular relaxation becomes much clearer. Experimental data from Bass [55] . Dash-dotted curve in (b): theoretical acoustic absorption (relaxation and classical absorption) spectra.
IV. CONCLUSION
In this work, we have developed the valid analytical model for acoustic relaxation absorption in gases to clarify the relaxation contributions of gas compositions. By combining the parallel and series relaxation theory, the energy transfer of molecular relaxation is characterized with V-T and rate-determining V-V processes of the lowest vibrational modes. The model reveals that molecular relaxation of pure gases is realized by one single relaxation process due to the major role of the lowest mode in energy transfer, and molecular relaxation of gas mixtures is achieved by the individual energy transfer process of each component. The acoustic absorption spectra obtained from our proposed model are in good agreement with experimental data, which are more reliable for gas mixtures with multiple dominant relaxation processes compared with previous models. Furthermore, the model reveals that each gas composition provides a deexcitation path in molecular relaxation and demonstrates the relaxation contributions of the gas compositions by the decomposed spectra of single relaxation processes. Our model holds great potential for practical detection of gas compositions through extracting gas composition contributions from mixtures.
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